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The entanglement entropy of a distinguished region of a quantum many-body problem reflects the entangle-
ment present in its pure ground state. In this work, we establish scaling laws for the entanglement entropy for
critical quasi-free fermionic and bosonic lattice systems, without resorting to numerical means. We consider
the geometrical setting of D-dimensional half-spaces. Intriguingly, we find a difference in the scaling properties
depending on whether the system is bosonic—where an area-law is first proven to hold—or fermionic, extend-
ing previous findings for cubic regions. For bosonic systems with nearest neighbor interaction we prove the
conjectured area-law by computing the logarithmic negativity analytically. For fermions we determine the mul-
tiplicative logarithmic correction to the area-law, which depends on the topology of the Fermi surface. We find
that Lifshitz quantum phase transitions are accompanied with a non-analyticity in the prefactor of the leading
order term.
The occurrence of critical points at zero temperature holds
the key to the understanding of several phenomena in quan-
tum many-body systems in the condensed matter context [1].
Quantum criticality is accompanied by a divergence of the
typical length scale, the correlation length. In a quantum
system exhibiting a non-degenerate ground state, the long-
range correlations indeed come along with genuine entangle-
ment in the ground state. These quantum correlations are no-
tably grasped by the entanglement entropy ES = S(tr\A[ρ]):
This is the entropy of the reduced density matrix that is ob-
tained when tracing out the degrees of freedom outside a
distinguished region A, hence reflecting quantitatively the
degree of entanglement between the inner and the outer
[2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].
This notion of the entanglement or geometric entropy—or
actually its scaling behavior abstracting from details of the
model – has enjoyed a strongly revived interest recently, par-
tially driven by intuition from quantum information theory:
previously conjectured scaling laws [2] relating the entangle-
ment entropy to the boundary of the region in higher dimen-
sions, and not the volume, have been rigorously established
using quantum information ideas [3, 7, 8]. This was followed
by observations of violations of such area-laws [9]. The en-
tanglement entropy has in its non-leading-order behavior in-
terestingly been linked to the topology of the system [17], us-
ing ideas of topological quantum field theory, and been stud-
ied under time evolution [10]. Partly, this renewed interest is
triggered by the implications on the simulatability of quantum
systems using density-matrix renormalization approaches: the
entanglement entropy quantifies in a sense the relevant num-
ber of degrees of freedom to be considered [11].
Yet, if entanglement entropy is to reflect critical or non-
critical properties of quantum many-body systems, an area-
relationship might of course be expected to hold or not, de-
pending on whether the two-point correlation functions di-
verge. One might be tempted to think that entanglement could
yet be seen as an indicator of criticality in the same sense. In-
triguingly, it turns out that the situation is more complex than
this. As we will also see, even for critical systems, an area-
relationship can hold, despite a divergent correlation length
(as can also be observed in projected entangled pair states,
FIG. 1: The symbol gϕ1(ϕ) (blue) for couplings Vi,j = δi,j −
δdist(i,j),1+3δdist(i,j),2/2 in a fermionic system on a two-dimensional
lattice. The jump-discontinuities s(ϕ1) are depicted in gray, reflected
by the shadow cast by the Fermi surface in direction ϕ.
satisfying an area-law by construction [16]). In this work,
we demonstrate that it can depend on the statistics of the
system—whether it is bosonic or fermionic—whether an area-
relationship holds or is in fact violated. In this way, we resolve
the key open question, confirming some conjectures, based on
systematic numerical findings for small system size [2, 12],
and refuting others, as the conjecture of a break-down of an
area law for critical bosons in D > 1 in Ref. [15]: “What hap-
pens in the critical bosonic case?” Here, we establish first an-
alytical scaling laws for critical bosonic systems. We achieve
these results for the geometrical setting of a half-space in D-
dimensions, completing the program initiated in Ref. [7]. We
treat bosonic and fermionic systems on the same footing, in
terms of Majorana operators for fermions and canonical co-
ordinates for bosons. The findings for bosons are compared
with an approach allowing for a description for fermionic half-
spaces, here complementing recent results on cubic regions in
Refs. [9], and in a fashion consistent with numerical work in
Ref. [12]. We hence provide in this work a unified and com-
plete framework for entanglement scaling in critical quasi-free
systems with that geometry.
The setting. – We consider cubic lattices L = [1, . . . , n]×D
2of spatial dimension D and study ground states of Hamiltoni-
ans that are quadratic forms of either bosonic or fermionic
operators. The geometric setting is that of a half-space,
distinguishing some spatial direction, and considering a sub-
system A = [1, . . . ,m] × L′, where L′ = [1, . . . , n]×(D−1)
involving mnD−1 degrees of freedom, whereas B = L\A.
When we say that (i) the entanglement entropy of one half-
space satisfies an area-law, we mean that for m = n/2,
ES = O(n
D−1),
the entanglement entropy scales asymptotically at most like
the boundary area in the system size. In contrast, (ii) the en-





We will also study (iii) the logarithmic divergence of ES in m
in the limit n → ∞, ES = cnD−1 log(m) + o(log(m)) for
some c > 0, violating the area-law.
Bosonic and fermionic quasi-free systems. – Let us start
by clarifying the general family of physical systems we will







dˆ†iAi,j dˆj + dˆiBi,j dˆ
†







where operators dˆi are either bosonic or fermionic and vectors
i = (i1, . . . , iD)
T ∈ L, id = 1, . . . , n, label individual sites
of the cubic lattice. To ensure hermiticity we demand Ai,j =
Bi,j = Aj,i ∈ R, Ci,j = Di,j = Cj,i ∈ R for bosons, and
Ai,j = −Bi,j = Aj,i ∈ R, Ci,j = −Di,j = −Cj,i ∈ R for
fermions. We will lead the discussion in terms of hermitian
operators rˆ = (xˆ1, . . . , xˆ|L|, pˆ1, . . . , pˆ|L|)T defined by




2, pˆi = −i(dˆi − dˆ†i)/
√
2.
In the bosonic case they are indeed position and momen-
tum operators fulfilling the canonical commutation relations
(CCR) i[rˆi, rˆj ] = σi,j , governed by the symplectic form [18].
In turn, for fermionic operators dˆi, they are so called Majo-
rana operators fulfilling the canonical anti-commutation rela-




















rˆ, VF = A+ C, (2)
for bosons and fermions, respectively. We assume isotropic
couplings for fermions, C = 0, and coupling only in position
for bosons, Vp = 1. In order not to obscure our main point,
we will not consider the straightforward but cumbersome gen-
eralization to anisotropic or momentum couplings. Whenever
we may treat both species equally, we denote by V the cou-
pling in position V := Vx for bosons and V := VF = A for























ϕ ∈ [0, 2π]×D. For bosons, the energy gap ∆E between the
unique ground state and the first excited state is given by the
square root of the smallest eigenvalue of Vx, ∆E = λ1/2min (Vx).
For fermions the ground state is unique for non-singular VF
and then ∆E = λ1/2min (V 2F ) with corresponding Fermi-surface
given in the limit n → ∞ by the set of solutions to λϕ = 0.















We now consider the entanglement ES with respect to a bi-








2 ) for fermions,
H(x−12 )−H(1+x2 ) for bosons,
(4)
where H(x) = −x log2(x) is the binary entropy function.
Denoting by MA the principle submatrix of a matrix M cor-
responding to the index set A. For fermions the xi are given

















Let us now consider the geometrical setting of D-
dimensional half-spaces. This setting allows for a transfor-
mation of both Hamiltonians to a system of mutually un-
coupled one-dimensional chains, while respecting the CCR
or CAR, but notably, while changing the local properties of
the systems forming the individual chains. To this end con-
sider the local (with respect to A|B) transformation rˆ = Orˆ′,
O = O ⊕ O, Oi,j = δi1,j1O¯i′,j′ , where i′, j′ ∈ L′ and the
matrix O¯ ∈ O(nD−1) needs to be orthogonal in order to re-
spect the CAR and CCR. In new coordinates rˆ′, the coupling










where we defined the nD−1 × nD−1 matrix V (i1,j1), the
submatrix of V corresponding to a fixed index pair (i1, j1).
For translationally invariant couplings the matrix V with real















i.e., the expression in brackets are the eigenvalues, λ(i1−j1)
k′
,
of the matrices V (i1,j1). Hence, the V (i1,j1) are also cyclic
3and can thus be diagonalized by the same orthogonal matrix.
If we now choose O¯ to be this matrix, we find
V ′i,j = δi′,j′λ
(i1−j1)
i′




where each Hˆi′ corresponds to a one-dimensional chain and
is of the form as in Eq. (1) respectively Eq. (2) with n×n cou-
pling matrix V (i′) = (λ(i1−j1)
i′
). This set of one-dimensional
chains will be the starting point for the subsequent discussion.
Fermions. – For fermions, we now consider two meaning-
ful limits in the plane of (n,m): The first one is when we
take the limit n → ∞ and investigate the asymptotic behav-
ior in m. This is exactly what is frequently referred to as the
“double scaling limit” [6]. The second one is the bisection
m = n/2, studying the asymptotic behavior in n. To start
with the former (case (iii) above), we consider the entropy of
a reduction of m fermions in each of the chains labeled i′ of
n degrees of freedom. This entropy can be each determined
from the so-called symbol gi′ of the chain [6, 13], as will be
made most explicit in Eq. (8): Ei′S of each chain is determined
from a Toeplitz matrix the entries of which are related to the
symbol as ti′l =
∑
k gi′(k)e




, Eq. (6), we find the symbol for each chain i′,







The entanglement ES with respect to the bipartite split A|B
is nothing but the sum of the entanglement Ei′S with respect








. For large n
we can approximate the above symbols gi′ arbitrarily well by
a continuous function gϕ. As we will encounter a distribution
of symbols, we can then make use of statements of the asymp-







where (ϑ,ϕ)T ∈ (0, 2π]×D. We can now consider the limit







The behavior in m can hence be obtained from the symbol gϕ,
which corresponds for fixed ϕ to a one-dimensional isotropic
fermionic model. For these models, the asymptotic form of




log2(m) + c(ϕ) + o(log(m)), (8)
where c(ϕ) is a constant and s(ϕ) is derived from the number
of jump discontinuities of gϕ as function of θ in the interval






















dϕ c(ϕ) + o(log(m)).
Hence, we do encounter in m a logarithmic divergence in
the entanglement entropy [19]. Consider as an example
the case of a nearest neighbor Hamiltonian with coupling
Vi,j = δi,j + aδdist(i,j),1, in which case the symbol (7) corre-
sponds for fixed ϕ to the symbol of the isotropic XY model
with (in the notation of Ref. [6]) transverse magnetic field
h = 1+2a
∑
cos(ϕd). For this model, the non-leading order
term was obtained employing Fisher-Hartwig type methods in
Ref. [6]. It reads c(ϕ) = log2(1 − h2(ϕ)/4)/6 + c0, where
c0 is a constant independent of the system parameters. For the
number of discontinuities, we find s(ϕ) = 1 for
ϕ ∈ Φ :=
{





































i.e., the prefactor depends on the coupling parameter a (for
non-critical models Φ is empty and there is no entanglement).
There is no universal non-leading order term as proposed in
Ref. [17] related to the conformal charge, due to the specific
geometric setting of a half-space considered here.
At this point, it is interesting to discuss the behavior of the
entanglement entropy under Lifshitz phase transitions. They
are topological quantum phase transitions of fermionic sys-
tems due to a change of the topology of the Fermi surface,
occurring for example in d-wave superconductors [20]. The
previous considerations immediately allow us to argue that a
Lifshitz transition accompanied with a change of the topol-
ogy of the projection of the Fermi surface in direction ϕ is
reflected by a non-analyticity in the prefactor s(ϕ) of the en-
tanglement scaling law: Any change of the topology of this
projection will lead to a non-differentiable alteration of the
prefactor of the leading order term.
The second setting is the one of m = n/2, to relate this
setting exactly to the identical geometric setting in the bosonic
case: The general strategy is for each chain Hˆi′ to make use
of the quadratic lower bound [5, 9]
ES ≥ tr[1− V¯ 2A],
giving rise to a logarithmically divergent lower bound to
the entanglement entropy. To be specific, transparent and
brief, we demonstrate this strategy for the important case
of fermionic models with nearest-neighbor interactions with
half-filling in D = 2, so Vi,j = aδdist(i,j),1 with a > 0.








(i− 1)π(1 − 2i1)/n
)















4which is asymptotically equal to c0+c1 log(n)+o(log(n)) for
constants c0, c1 ∈ R that can easily be determined. We hence
encounter at least a logarithmic correction to an area law.
Bosons. – In case of bosons, we concentrate on the most
significant model: the case of the continuum limit of the real
scalar Klein Gordon massless field, in case of a half-space
with m = n/2 as before. This corresponds to a nearest neigh-
bor coupling Vi,j = δi,j − anδdist(i,j),1, 0 < an < 1/(2D),
giving rise to the Klein-Gordon field for the standard choice
an = 1/(2D + 1/n
2). In fact, demanding the system to
be critical uniquely determines an → 1/(2D) for n → ∞,
as ∆E = λ
1/2
min (Vx). In the standard continuum limit of the
Klein Gordon field, α = 1/L is simply the lattice spacing for
a physical length L = 1, α playing the role of a short distance
regulator. If one now distinguishes a single degree of free-
dom in D = 1 and asks for its entropy, the expression for ES
diverges as n → ∞, rendering scaling in the size of A after
letting n → ∞ not well defined [21]. This is a manifestation
of the familiar infrared divergence for D = 1 [2].
To come back to the half-space, for each individual chain
i′, the Hamiltonian matrix reads H = V (i′) ⊕ 1, where V (i′)














We now make use of a powerful ingredient of Ref. [3],
of a proof of the exact form of the logarithmic negativity
[22] for harmonic systems with respect to the bipartite split
[1, . . . , n/2]|[n/2+1, . . . , n], where the off-diagonal block of
the coupling matrix is positive or negative semi-definite. This
is a technical result that heavily exploits the flip symmetry
with respect to the boundary of the bisected symmetric chain,
valid also in the field limit. In particular, this statement cov-
ers the case of nearest-neighbor interaction encountered here.
Note that this is not only an asymptotic statement in n, but a

































and similarly for D > 2. The negativity is an upper bound
for the entanglement entropy [22], ES ≤ EN : Indeed, we ar-
rive at the desired result for the entanglement entropy: ES ≤
cnD−1 for some c > 0. Hence, the entanglement entropy is
bounded by an expression linear in the boundary area, and we
do not encounter an infrared divergence here. The prefactor
can be exactly determined in case of the logarithmic negativ-
ity. For a physical length L, we hence haveES ≤ c(L/α)D−1
with α = L/n being the short distance regulator.
In this work, we have clarified the issue of scaling of the en-
tanglement entropy in bosonic and fermionic lattice systems.
Our analytical argument indeed confirms and resolves previ-
ous numerical findings and conjectures on the scaling of en-
tanglement in ground states of many-body systems. The dif-
ference between the behavior of bosons and fermions may be
taken as unexpected: after all, there is no fixed length scale in
the critical bosonic case that could give rise to an “entangle-
ment thickness”. The violation of the area-law for fermions is
in turn intertwined with the specific role of the Fermi surface.
We found that for quantum phase transitions involving an al-
teration of the topology of the Fermi surface, a non-analytical
behavior of the prefactor follows.
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